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1. INTRODUCTION

The natural frequencies and normal mode shapes become important in devices that are
subject to vibration and in those that operate at high speeds in the dynamic regime. Some
devices, especially at micro scale in micro-electro-mechanical systems (MEMS), are
intentionally operated at resonance frequencies to enhance their performance. Optimizing
the structural elements in order to have desired frequencies is of interest in some
applications at both the macro and micro scales. This “inverse frequency” problem is
studied extensively [1], including the topology optimization problem [2]. The “inverse
mode shape” problem, on the other hand, entails the determination of the geometry of the
structure such that it will have prescribed mode shapes. There are applications where
a particular mode shape is critical for the performance of the device. This is especially true in
the design of resonance-based micro accelerometers and gyroscopes where sensing is
accomplished through capacitance measurement, which is very sensitive to the geometry of
elastically deforming structures. For instance, in the micro rate gyroscope [3], the mode
shape of a ring structure can be optimized to improve the performance. Designing the shape
of the cantilever probes on the atomic force microscope to attain a desired modal deflection
is another example [4]. In micro locomotion systems (e.g., swimming) where repeated
changes in shape propel the whole entity forward [5], energy efficiency can be achieved by
designing the structure such that the normal mode shapes are the same as the required
repetitive shape changes. At macro scale, the inverse mode shape problem can be used to
design the tooling for manufacturing equipment such that vibratory displacement is
minimized in certain directions. Currently, there do not appear to be any general systematic
methods to design the geometry of the structures for desired mode shapes.

Compared to the inverse frequency problem, the inverse mode shape problem has
received much less attention. The inverse mode shape problem arises in two different
settings. In the first category, the experimentally obtained eigendata (natural frequencies
and mode shapes) of the structures is used for the characterization of their geometry and
material density. Efforts in this direction are found in references [6-14]. In the second
category, which is the focus of this paper, the geometry of the structure is designed for
prescribed mode shapes using a given material. Efforts in this direction are found in
references [4, 15]. It should be noted that an arbitrarily specified mode shape might not
always be physically realizable with a given class of structures such as strings, cables, rods,
and frames consisting of straight and curved beams, plates and membranes, shells and
general 3-D structures. Consequently, in the second category of “the design for desired
mode shape problems”, the prescribed mode shape should be checked against a set of
criteria that ensure physical realizability.
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In the following sections, after a brief description of the related work, the inverse mode
shape problem of bars and beams will be discussed. The area profile of an axially vibrating
bar is solved by two methods: analytical solution of the continuous model, and a numerical
method using a discretized finite element model. This is followed by the inverse mode shape
problem for the cantilever beam. A list of criteria for the mode shape to ensure physical
realizability of the cross-sectional area is then presented along with the formulation of the
optimization program for mode shape modification to render it physically realizable. The
method is demonstrated with an example of designing the cross-sectional area of
a cantilever beam for a prescribed mode shape.

2. RELATED WORK

As mentioned previously, the inverse vibration problem includes both the inverse frequency
(eigenvalue) and inverse mode shape (eigenvector) problem. The inverse eigenvalue problem
has been addressed by several researchers [16-19]. Barcilon incorporated eigenvector data
into the reconstruction process of a discrete spring-mass model of a bar from three
eigenvectors and their corresponding eigenvalues associated with three boundary conditions
[20-22]. Ross introduced a procedure for deriving both the mass and stiffness matrices from
experimentally measured natural frequencies and a square modal matrix composed of
measured mode vectors supplemented by arbitrary linearly independent vectors [6]. Gladwell
derived the necessary and sufficient conditions applicable to the spectral data (eigenvalues
and the corresponding eigenvectors) to permit the construction of a realizable beam [23].
Gladwell and Gbadeyan have shown that a simply connected spring-mass system, fixed at
one end and free at the other, may be reconstructed uniquely from two eigenvalues, two
eigenvectors and the total mass of the system [24]. Two sets of eigenvalues and eigenvectors
for the fixed—fixed and fixed—free boundary conditions can be used to reconstruct the mass
and stiffness matrices of a discrete finite difference model of the non-uniform axially vibrating
bar uniquely. Ram and Caldwell showed that the physical parameters of a free
multi-connected spring-mass system could be determined from certain spectral sequences as
well [10]. The inverse mode problem for the continuous model of an axially vibrating bar
from two eigenvalues, the corresponding eigenvectors and the total mass of the system was
solved by Ram [12]. Ram and Gladwell proposed a way to reconstruct a finite element model
of a vibrating bar from a single eigenvalue and two eigenvectors based on the fact that both
the mass and stiffness matrices of the finite element model are tri-diagonal [14]. Ram also
showed a method of reconstructing a finite difference model of a vibrating beam from three
eigenvectors, one eigenvalue and the total mass of the beam [13].

The motivation of the Ram and Gladwell work, and other references was to recover the
density and shape information from experimental eigendata of the structure. As mentioned
above, the focus of this paper is on the design problem of inverse mode shape problem
where the material density is uniform throughout and the specified mode shapes should be
checked for physical realizability. This paper is limited to axially deforming bars and
transversely deforming beams.

3. INVERSE MODE SHAPE PROBLEM FOR BARS

3.1. INVERSE PROBLEM FOR THE CONTINUOUS MODEL OF A BAR
Consider the governing equation for the free axial vibration v(x) of a bar:

d dv

P |:EA(x) a:| + pA(x)Av(x) =0, (1)
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Areas of cross-sections for prescribed mode shapes of an axially deforming bar
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where A(x) > 0 and p > 0 are the cross-sectional area and density of the bar, respectively,
and / is the square of the natural frequency. Ram derived the cross-sectional area A(x) and
density p(x) of an axially vibrating bar using two interrelated eigenvectors obtained from
different boundary conditions, their corresponding eigenvalues and the total mass of the
system [12]. In contrast to Ram’s work, in the design problem considered here, the density
along the bar is assumed to be constant and only one eigenvector is specified. We assume
that A(x) is a differentiable function in the closed interval 0 < x < L, where L is the total
length of the bar. Equation (1) can be re-written in terms of the cross-sectional area as

LEV'(X) + pAv(x)]

A0+ Ev'(x)

A(x) =0, ]

where the primes denote the derivative with respect to x. By defining a function, y, as

Ev'(x) + pAv(x)

Y(x) = T(x) . (3)

We can solve for the area of cross-section in equation (2) as shown below:

A(x) = Ce™Wedx, 4)
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where C is a constant of integration that can be determined uniquely from the total mass of
the bar as

Mass =m=p JL A(x)x dx. (5)

0

The condition to ensure that A(x) is positive is that y(x) must be finite for all x in the
interval 0 < x < L. Further restriction on the desired mode shape is that it should satisfy
the boundary conditions of the bar. Table 1 shows four examples with fixed-fixed and
fixed—-free boundary conditions. These examples show that the aforementioned condition
on i(x) determines the value of A when a mode shape is prescribed. The condition on (x)
manifests because of the presence of v'(x) in the denominator as can be seen in equation (3).
So, when a prescribed mode shape has a zero first derivative anywhere in the interval
0 < x < L, 4 should be chosen such that either the numerator of i/(x) is zero for the entire
interval as in example 1, or that v'(x) should be cancelled out as a factor from the numerator
as in the other three examples (see Table 1). This restriction of the natural frequency can
also be seen in the discretized model, which will be presented next.

3.2. DISCRETIZED MODEL FOR A FIXED-FIXED BAR

The discretized form of equation (1) is given by
(K — /M)u =0, (6)

where K and M are stiffness and inertia matrices, respectively, u is the mode shape vector,
and 4 is the square of the natural frequency. The mass and stiffness matrices can be written
in terms of the bar’s cross-sectional area and given material properties. When the bar is
divided into N finite elements, there will be N unknowns A4;(i = 1, 2, ..., N) denoting the
cross-section areas of elements. There will be (N + 1) nodes numbered O, 1,..., N with
zeroth and Nth nodes specified to be zero for the fixed-fixed boundary condition.
Therefore, the mode shape vector u in equation (6) is of the size (N — 1) x 1 after the
boundary conditions are applied. The stiffness and inertia matrices for the fixed-fixed
condition are given by

[y +ky  —k,
—ky kyt+ks —ks
e —ho etk SN
' - — ky-1
L —ky-1 ky—1+ ky |V -DxN-D
-2m1 + 2m, m, .
my 2m, + 2m; ms

M = my dmy + 2m, - , (7b)

my—q

my_1 2my_q+ 2mN_(N—1)x<N—1)

where m; = p A;1/6 and k; = E A;/l in which E is Young’s Modulus, [ is the length of each
element, and p is the density. Since the A;s are unknowns now, equation (6) can be
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re-written so that the displacements u; appear in a matrix and the A;’s in the unknown
vector as

P, P, 0 0 0 ] -
Ay
0 P2,2 P2!3 0 0 A
2
0 0 P P 0
PA=| . ) Al =0,
0 0 0 o+ Py_an-2 Py_an-i 0
Ay [Nx1
0 0 0 0 Py_in-1 Py—in |v-nxn — °
(8)
where Py =cuy, Pi,=cuy —duy,, Py=cu—du_y, Piijvq=cu;—dujyq, for

i=2,3..,N—2, Py_yn-y=cuy_y —duy_,, Py_i ny=cuy_y, with ¢ =E/l — ipl/3,
d = E/l + pil/6.

Since P has the deficiency of rank by 1, its nullspace can be constructed to obtain the
non-trivial solution for A. Without loss of generality, if we assume that Ay is unity, each row
of equation (8) can be solved to obtain the next elemental area of cross-section as

A, cliy Ay cu; —du;— 4y Ay Cly_ 4

- , - , — i=2,3,...,N—2.
Al du2 — ClUq Ai dqu — CU; AN*I duNfz — CUnN -1 fo’ !

©

The relationships between successive 4;’s in equation (9) also serve as the conditions for the
physical realizability of a given mode shape. If all these ratios are positive and finite, then
the mode shape is physically realizable. This is equivalent to the condition on /(x) described
earlier with the continuous model of the bar. Since the constants ¢ and d (see equation (8))
depend on the natural frequency, the physical reliability condition restricts the value A for
a given material. The solution to the area profile is not yet unique because all of the 4;’s can
be multiplied by a scale factor without changing the frequency or the mode shape. In order
to determine this scale factor, the total weight for the structure W,,,,, could be used, which is
given by the relationship

N
VVtotul = Pl Z Ai . (10)

i=1

3.3. DISCRETIZED MODEL FOR A FIXED-FREE BAR

The discretized formulation of the fixed—free case is similar to that of the fixed-fixed case
with a small difference. First, the stiffness and inertia matrices are given by

ki +k, —k,
—ky ky+ks —ks

_kal kN71+kN _kN
_ kN kN NxN (lla)
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Figure 1. (a) Prescribed second mode shape vector and (b) the cross-section area using the discretized model
for the fixed—free bar (——, discretized; — - -, exact).

-2m1 + 2m, my

my 2m2 + 2m3 ms

my—1 2my_q +2my  my

my 2mN NxN (11b)

for N elements with cross-section areas A4;(i =1,2,...,N) and (N + 1) nodes numbered
0, 1,..., N with zeroth node specified to be zero. The size of the mode shape vector u is now
N x 1. Therefore, in the rearranged form that is similar to equation (8), there are N unknown
A; and N equations. That is,

PNXNANXI =0. (12)
The last row of the above equation can be used to solve for A:

_ 6E(— Un-1 + UN)

A= .
pL*(uy— 1 + 2uy)

(13)

This means that the natural frequency is automatically determined when a mode shape is
prescribed for a fixed—free bar. In the continuous model, by applying the free-end boundary
condition (vi—; = 0) to equation (2), we can see that 1 =(— E/p)(v"/v)s=r. Using the
remaining (N — 1) rows of equation (12), the following recurrence relationship can be
obtained:

(ApPPJ6E)2u; + 1) — (u; — ti41))
(u; — u;— 1) — (ApI?/6E)Qu; —  + u;))

Ai: Ai+1 fOr 121,,N—1 (14)



LETTERS TO THE EDITOR 399

As before, without loss of generality, Ay can be assumed to be unity to successively
determine the remaining A4; using equation (14), and then by knowing the total mass W,,,,; of
the bar, we can compute the scale factor for the areas. Equation (14) also serves as the
condition for physical realizability of a mode shape because the ratios of areas of
cross-section of successive elements should be positive and finite.

Examples in Table 1 were also solved using the discretized finite element models and were
compared with the exact solutions of the continuous model. The solution for example
4 along with the prescribed mode shape is shown in Figure 1. The following data was used
in this example: length of the bar = 1 m; Young’s modulus = E = 210 GPa; density = p =
2300 kg/m3; weight of the bar = W = 2kg, and N = 50. In this and other examples, the
numerical solutions from the discretized model approach the exact solution with an
increasing number of elements and thus are validated.

4. INVERSE MODE SHAPE PROBLEM FOR BEAMS

As in the case of bars, in beams too arbitrarily specified mode shapes do not result in
physically meaningful geometries. The conditions for a valid mode shape depend on the
boundary conditions of the beam. The discussion in this paper is limited to the case of
a cantilever beam for which the governing differential equation for free vibration is given by

2 2
% <EI %) —pAu=0, i=ow? (15)
where I(x) and A(x) are the second moment of inertia and area of cross-section along the
longitudinal axis of the beam respectively; E, L and p are Young’s modulus, length, and
density of the beam; u(x) is the mode shape corresponding to a frequency w. Discretization
of this equation using the finite difference method gives rise to the matrix eigenvalue
problem

Ku = /Mu, (16)

where the inertia matrix M is a diagonal matrix with diagonal entries m; = pA4;l, and the
stiffness matrix K = EL™'EKETL ™ 'E" is the pentadiagonal as shown below [13]:

a — by ¢y 0 0 0
— by az — b, Cy 0 0 0
cq —b, aj —bs s 0 0
K=| 0 Csy —bsy a4 — b, 0 0 (17)
0 0 0 0 0 ay-—1 —by_1
| — by ay |

with coefficients

a; = (ki + 4kisy + ki o)/, by = (kiv1 + kis2)/I%, ¢ = kiy /I
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1 -1 0 0
o 1 -1 0
E =
0 1 -1
0 0 1]

The above discretization assumed finite difference grid spacing of length [ where A; is the
area of cross-section across the ith grid spacing. A rectangulr cross-section was assumed
with thickness h while the width is assumed to vary along the axis. The transverse
displacement in the mode shape is given by u = {uy, u,, ..., uy}. The inertia and stiffness
matrices together with the mode shape vector u can be re-written so that the modal
displacements u; appear in the matrices and A4; as the unknown vector:

[Ciy Ci, Ci3 0O 0 0 | e
0 Gy Cuz Cyu 0 0 !
. . . . 0 AZ
CA = ) A3 =0,
0 Cy-anv-2 Cy-an-1 Cn-2n :
0 0 Cyv-1v-1 Cn-o1n A
N Nx1
L O 0 0 CN,N _N><N - -
where
Eh? Eh? Eh?
Cia =m“1 —pAuy, Ci iy =W(ui71 —2ui+uit1), Ciivz =12 (Ui — 2u4 1 + U4 2),
Eh? Eh?
Cii= 2P (Ui—2 — 2uj—y — u;) — pAluy, Cy y = 2P (un-2 — 2uy—y —uy) — piluy. (18)
The eigenvalue / can be determined by solving the last row of the above equation:
_ EW* (uy—» —2uy 1 + ”N). (19)

T 12p14

Uy

Thus, as in the case of the bars, the frequency cannot be arbitrarily chosen when a mode
shape is specified. The remaining rows of equations can be solved sequentially starting from
the second row from bottom and moving up to get

_ (Ciiv1Aiv1 + CiivaAdirs)

5 Ai = .
Ci,i

CN*I,N

Ay-1=— (20)

CN -1,N—-1
Equation (20) also serves as conditions on a given mode shape vector for obtaining positive
areas. The solution to the area profile is not yet unique because all areas can be multiplied
by a scaled factor without changing the eigenvector. In order to determine this scale factor,
the total weight of the beam W, should be known as in the case of bars.

5. CRITERIA FOR THE PHYSICAL REALIZABILITY OF BEAM MODE SHAPES

Since eigenvalue computed using equation (19) should be positive, one condition for a valid
mode shape is readily obtained. This and other conditions can be more easily seen from the
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differential equation of equation (15) which can be re-written in terms of A(x) as

12p7
Eh?

u A" (x) + 2u” A'(x) + <u’V - u> A(x)=0, 0<x<L. (1)

At the free end of the cantilever beam, i.e., when x = L, the boundary conditions dictate that

"

uy = uj = 0 to have zero bending moment and shear force. This simplifies equation (21) to

12p2
The square of the natural frequency 4 can be found if the area profile at A(L) # 0,
Eh?ul”
= 2
=0 (23)

which would agree with 4 obtained from the finite difference formulation in equation (17) if
the fourth derivative is approximated as u%y = (uy_, — 2uy_; + uy)/I* in the finite
difference model. This and other conditions to be satisfied by the prescribed mode shape
u(x) are listed below:

(1) The mode shape and its first four derivatives must be smooth and continuous.

(2) u(x) must satisfy the boundary conditions: uy = ug;, = 0at x =0 and u; = u; =0 at
x = L.

(3) The number of sign changes in the mode shape and the first derivative along the
length of the beam must be the same [&].

(4) (uu') > 0 at the free end of the beam to ensure positive eigenvalue.

An example illustrates the application of these conditions to a mode shape design problem.

6. BEAM EXAMPLE

For design purposes, the user does not specify a continuous mode shape but, instead,
specifies a set of prescribed points. In order to use the method described in section 4 for
obtaining the area profile, the prescribed points are fitted onto a smooth curve that satisfies
the boundary conditions for the beam. The choice of parameterization should be chosen
such that the four derivatives are continuous and fit well to the prescribed points. In this
example, the mode shape is considered as a sixth order polynomial with unknown
coefficients a;:

u(x) = do + ayx + a; x> + az x> + ayx* + asx® + agx°. (24)

"

By applying boundary conditions uy = uy = u; = uj = 0 and solving for the unknown
coefficients, the polynomial depends only on three coefficients: a4, as and ag:

u(x) = (6as L* + 20asL> + 45a, L*)x*
—2QayL + 5a5L* + 10agL%)x?
+ ayx* + asx® + a®x°. (25)
To ensure that A is positive, criterion (4) must be satisfied so that

ugul’ =24L2(3a, + 11as + 26a¢L?)(a, + Sas + 15a5L%) > 0. (26)
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Figure 2. (a) A family of plausible primary mode shapes for a range of a4, as and a¢ for a given beam length of
L =200. (b) A family of plausible secondary mode shapes.
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Figure 3. A family of first mode shapes for a range of a4, a5 and g, for a cantilever beam length of L = 200 along
with their area profiles ( Lag=0;....,1;,—— 2, -———3,—— 4).

To explore the feasible choices of a4, as and a4 for satisfying the above inequality, we let
v = (Bay + 11asL)/26L* and v, = (a4 + 5asL)/15L? such that the inequality takes the
form

upui’ = 24(26) (15 L*(ag + v1)(ag + v2) > 0. (27)

Using the above condition on a¢ and by varying the values of a4 and a5 a family of valid
mode cantilever mode shapes are obtained and plotted in Figure 2. The figure shows both
the fundamental (Figure 2(a)) and the second (Figure 2(b)) mode shapes. To further examine
how the choice of a,, as and a¢ affects the mode shape and the reconstructed area profile,
a few fundamental mode shapes from the family of mode shapes are selected and are shown
in Figure 3. The corresponding area profiles obtained using the method described in
section 4 are also plotted, and the values of a, and as, as used are given in Table 2.
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TABLE 2

Constants used in generating mode shapes for Figure 3

1 2 3 4 5

ay 1000 1000 1000 1000 1000
as 100 — 373 — 845 — 1318 — 1791
ae 0 1 2 3 4

10
09 ,,
08 | <
07 | S
06 |
05 |
04 F /’ //
03 | S
02 f S

o1 L/

0 1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200
a4 =0;...,1;,——2;-—-3,—— 4.

Figure 4. The first derivative of the mode shapes shown in Figure 3:

Figure 4 shows that the first derivative of the selected mode shapes that satisfy criterion
(3) where the number of sign changes of the mode shape and the first derivatives are both
Zero.

7. STRUCTURAL DESIGN METHOD FOR DESIRED MODE SHAPES

Since not all arbitrarily specified mode shapes yield physically realizable geometries, when
a specified mode shape does not satisfy the criteria for physical realizability, it should be
modified with minimal alteration using an optimization method. Such a method is
presented below for cantilever beams. In order to find the closest match to a specified mode
shape that will satisfy the four criteria for physical realizability of beam geometries, a least
squares formulation is used here. A function of an assumed form, with some adjustable
parameters such as a polynomial whose coefficients can be adjusted, is used to match the
specified mode shape. The objective function used here is a measure of goodness of match
between the specified mode shape and the modified mode shape. The optimization variables
are the adjustable parameters in the mode shape function of an assumed form. Starting from
an initial guess, the optimization variables are updated to minimize the deviation between
the prescribed and modified mode shapes as

N
min Z (uspecified - umadified)iz 5 (28)

a,as,a6 i=1
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Figure 5. (a) An arbitrarily specified prescribed sixth degree polynomial mode shape. (b) Shape profile gener-
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Figure 6. (a) Original and modified mode shapes and the first derivative of the modified mode shape; (b) shape
profile generated from the modified mode shape; ——, prescribed mode shape; ®—e, polynomial-based mode
shape; . . . .. , first derivative of the polynomial mode shape.

where Ugpecifiea 1 the prescribed mode shape, uoqifieq 1s the polynomial-based mode shape
and N is the number of points used to compute the deviation. An example is presented
below to illustrate how a user-supplied mode shape that does not satisfy the four criteria is
modified via the optimization method to yield the closest physically realizable shape.
A prescribed mode shape was given as a polynomial below and is shown in Figure 5:

u(x) = 1:0265¢10x% — 94320 000x3 + 100x* — 2636x° + 10x°. (29)

When the method described in section 4 was used, the shape profile shown in Figure 5 is
obtained with some negative values. Upon evaluating the prescribed mode shape against
the four criteria, the mode shape is altered so that that is the closest match to the prescribed
shape is obtained. The resulting polynomial-based mode shape has parameters,
a, = 10059, as = — 22488, and as = 1:7010e5 and is shown in Figure 6(a). The first
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derivative of the polynomial-based mode shape is also plotted in the figure. The shape
profile obtained using this modified mode shape is shown in Figure 6(b).

8. CONCLUSION

The design problem of determining the geometry of a structure for desired mode shape is the
focus of this paper. Methods of reconstructing the shape profile of both bars and beams for
a desired mode shape were discussed. Because not all desired mode shapes yield physically
realizable shape profile, a set of criteria for the mode shapes that ensure physical
realizability are identified for bars and cantilever beams. For the desired mode shapes that
do not satisfy the criteria, an optimization-based method was used to find the closest
matching physically realizable mode shape. Future work will address other cases of beams
and other regular members such as curved beams, plates and shells.
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